
W
av
el
et
s–
a
M
at
he
m
at
ic
al
M
ic
ro
sc
op
e

O
le
C
hr
is
te
ns
en

D
TU

M
at
em
at
ik

D
an
m
ar
ks
Te
kn
is
ke
U
ni
ve
rs
ite
t

28
00
Ly
ng
by

O
le
.C
hr
is
te
ns
en
@
m
at
.d
tu
.d
k
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TU

M
at
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D
C
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M
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Pl
an
fo
rt
he
ta
lk

•
In
tro
du
ct
io
n
-w
av
el
et
an
al
ys
is
w
ith
ou
tw
av
el
et
s

•
W
ha
ti
sa
w
av
el
et
?

•
W
hy
ar
e
w
av
el
et
s
in
te
re
st
in
g?

•
Va
rio
us
ap
pl
ic
at
io
ns

•
W
ha
ti
sa
“g
oo
d”
w
av
el
et
?

•
O
ut
lo
ok
-a
sp
ec
ts
of
ha
rm
on
ic
an
al
ys
is

(D
TU

M
at
he
m
at
ic
s)

D
C
A
M
M

2
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W
av
el
et
s-
th
e
fe
ar
of
th
e
cr
im
in
al
s!

(D
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M
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m
at
ic
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D
C
A
M
M

3
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H
ow
to
th
in
k
ab
ou
tw
av
el
et
s

D
es
cr
ip
tio
n
of
ho
w
to
tra
ve
lf
ro
m
V
iru
m
to
M
al
ag
a:

•
Ve
ry
ro
ug
h
de
sc
rip
tio
n:
lo
ok
at
a
m
ap
of
Eu
ro
pe
,

C
op
en
ha
ge
n
→
M
al
ag
a

•
Sl
ig
ht
ly
m
or
e
de
ta
ils
:V
iru
m
→
C
op
en
ha
ge
n
A
irp
or
t→

M
al
ag
a

•
M
or
e
de
ta
ils
:V
iru
m
→
K
on
ge
ve
je
n
→
K
la
m
pe
nb
or
gv
ej
→
C
op
en
ha
ge
n

A
irp
or
t→

M
al
ag
a

•
Ve
ry
de
ta
ile
d
de
sc
rip
tio
n:
V
iru
m
→
tu
rn
rig
ht
→
tu
rn
le
ft
→
K
on
ge
ve
je
n

→
K
la
m
pe
nb
or
gv
ej
→
C
op
en
ha
ge
n
A
irp
or
t→

M
al
ag
a
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M
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m
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C
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M
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K
ey
fe
at
ur
e
of
w
av
el
et
s:

•
W
av
el
et
si
sa
m
at
he
m
at
ic
al
to
ol
th
at
ca
n
be
us
ed
to
de
sc
rib
e
si
gn
al
s
or

da
ta
se
ts
;

•
W
av
el
et
sa
llo
w
on
e
to
zo
om
in
on
de
ta
ils
in
th
e
gi
ve
n
si
gn
al
or
da
ta
se
t

•
It
is
po
ss
ib
le
to
co
ns
id
er
a
ve
ry
de
ta
ile
d
re
pr
es
en
ta
tio
n
of
th
e
en
tir
e

si
gn
al
;

•
It
is
po
ss
ib
le
to
co
ns
id
er
a
ro
ug
h
de
sc
rip
tio
n
of
th
e
gi
ve
n
si
gn
al
;

•
It
is
po
ss
ib
le
to
co
ns
id
er
a
m
ix
ed
re
pr
es
en
ta
tio
n,
gi
vi
ng
a
ro
ug
h

de
sc
rip
tio
n
of
pa
rts
of
th
e
si
gn
al
an
d
a
ve
ry
de
ta
ile
d
re
pr
es
en
ta
tio
n
of

ot
he
rp
ar
ts
of
th
e
si
gn
al
.
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D
efi
ni
tio
n
of
a
w
av
el
et

Fo
ra
fu
nc
tio
n
ψ
,
le
tψ

j,k
(x

)
:=
2j

/
2 ψ

(2
j
−
k)
,
j,
k
∈

Z
.
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.
7

ψ
(x

)
=
e−
x2
;ψ

0,
1(
x)

=
e−

(x
−
1)
2
;
ψ
2,
0(
x)

=
2ψ

(2
2 x

);
an
d

ψ
−
1,
0(
x)

=
2−
1/
2 ψ

(2
−
1 x

).
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TU

M
at
he
m
at
ic
s)

D
C
A
M
M

6
/4
0

D
efi
ni
tio
n
of
a
w
av
el
et

Le
t

L2
(R

)
:=
{f

:
R
→

C
∣ ∣∫ ∞ −

∞

|f
(x

)|
2
dx
<
∞
}.

H
ilb
er
ts
pa
ce
w
.r.
t.
th
e
in
ne
rp
ro
du
ct
〈f
,g
〉

=
∫ ∞ −∞

f(
x)
g(
x)
dx
.

D
efi
ni
tio
n:
A
w
av
el
et
is
a
fu
nc
tio
n
ψ
∈
L2

(R
)
fo
rw
hi
ch
th
e
fu
nc
tio
ns

ψ
j,k
,
j,
k
∈

Z
,
fo
rm
an
or
th
on
or
m
al
ba
si
sf
or
L2

(R
).

If
ψ
is
a
w
av
el
et
,t
he
n
ea
ch
fu
nc
tio
n
f
∈
L2

(R
)
ha
sa
re
pr
es
en
ta
tio
n

f
=

∑ j,k
∈

Z

c j,
kψ
j,k
,

w
he
re

c j,
k
=
〈f
,ψ
j,k
〉

=

∫ ∞ −
∞

f(
x)
2j

/
2 ψ

(2
j x
−
k)
dx
.
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A
pp
lic
at
io
n
-a
na
lo
g
to
di
gi
ta
lc
on
ve
rte
r

•
Pl
ay
in
g
a
pi
ec
e
of
m
us
ic
,t
he
cu
rr
en
tr
un
ni
ng
th
ro
ug
h
th
e
lo
ud
sp
ea
ke
r

ca
bl
e
ca
n
be
de
sc
rib
ed
by
a
fu
nc
tio
n
f
∈
L2

(R
).

•
Th
e
re
pr
es
en
ta
tio
n

f
=

∑ j,k
∈

Z

c j,
kψ
j,k

co
nv
er
ts
th
e
si
gn
al
f
in
to
a
se
qu
en
ce
of
nu
m
be
rs
{c
j,k
} j

,k
∈

Z
.

•
A
ll
in
fo
rm
at
io
n
ab
ou
tt
he
m
us
ic
is
co
nt
ai
ne
d
in
th
e
nu
m
be
rs
{c
j,k
} j

,k
∈

Z
!

•
V
ia
th
e
co
ef
fic
ie
nt
s
{c
j,k
} j

,k
∈

Z
w
e
ca
n
st
or
e
th
e
si
gn
al
f
el
ec
tro
ni
ca
ly

(C
D
,D
V
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or
tra
ns
m
it
th
e
in
fo
rm
at
io
n
(I
nt
er
ne
t)
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W
av
el
et
si
n
re
al
lif
e

In
pr
ac
tic
e:

•
Th
e
w
av
el
et
re
pr
es
en
ta
tio
n
of
a
si
gn
al
f,

f
=

∑ j,k
∈

Z

c j,
kψ
j,k
,

ha
st
o
be
re
pl
ac
ed
by

f
≈

∑
(j

,k
)∈
A

c j,
kψ
j,k

fo
ra
n
ap
pr
op
ria
te
fin
ite
in
de
x
se
tA

.

•
It
is
de
si
ra
bl
e
th
at
th
e
se
ts
A
as
so
ci
at
ed
w
ith
th
e
re
le
va
nt
si
gn
al
s
f
ar
e

re
la
tiv
el
y
sm
al
l.
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Th
eo
ry
ve
rs
us
ap
pl
ic
at
io
ns
:

•
It
is
im
po
ss
ib
le
to
fin
d
a
w
av
el
et
th
at
le
ad
s
to
ef
fic
ie
nt
re
pr
es
en
ta
tio
ns

f
≈

∑
(j

,k
)∈
A

c j,
kψ
j,k

(i.
e.
,s
m
al
ls
et
sA
)s
im
ul
ta
ne
ou
sl
y
fo
ra
ll
si
gn
al
s
f
∈
L2

(R
).
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Th
eo
ry
ve
rs
us
ap
pl
ic
at
io
ns
:

•
It
is
im
po
ss
ib
le
to
fin
d
a
w
av
el
et
th
at
le
ad
s
to
ef
fic
ie
nt
re
pr
es
en
ta
tio
ns

f
≈

∑
(j

,k
)∈
A

c j,
kψ
j,k

(i.
e.
,s
m
al
ls
et
sA
)s
im
ul
ta
ne
ou
sl
y
fo
ra
ll
si
gn
al
sf
∈
L2

(R
).

•
It
is
of
te
n
po
ss
ib
le
to
fin
d
a
w
av
el
et
th
at
le
ad
st
o
ef
fic
ie
nt
re
pr
es
en
ta
tio
ns

of
al
ls
ig
na
ls
in
a
cl
as
so
fs
ig
na
ls
w
ith
sp
ec
ifi
ed
pr
op
er
tie
s
(i.
e.
,i
n
a

su
bs
pa
ce
of
L2

(R
))
.

•
C
on
cr
et
e
ex
am
pl
es
of
su
ch
sp
ec
ifi
ed
si
gn
al
s:
m
us
ic
fil
es
or
na
tu
ra
l

im
ag
es
.
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Th
e
fir
st
w
av
el
et

In
19
09
,A
lfr
ed
H
aa
rs
ho
w
ed
th
at
th
e
fu
nc
tio
n

ψ
(x

)
=

⎧ ⎪ ⎨ ⎪ ⎩1
if
x
∈

[0
,1
/2

[

−
1

if
x
∈

[1
/2
,1

[

0
if
x
/∈

[0
,1

[

is
a
w
av
el
et
.
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Th
e
fir
st
w
av
el
et

In
19
09
,A
lfr
ed
H
aa
rs
ho
w
ed
th
at
th
e
fu
nc
tio
n

ψ
(x

)
=

⎧ ⎪ ⎨ ⎪ ⎩1
if
x
∈

[0
,1
/2

[

−
1

if
x
∈

[1
/2
,1

[

0
if
x
/∈

[0
,1

[

is
a
w
av
el
et
.

In
19
87
M
al
la
ta
nd
M
ey
er
in
ve
nt
ed
a
ge
ne
ra
ls
ch
em
e
fo
rc
on
st
ru
ct
io
n
of
a

w
av
el
et
.

N
ec
es
sa
ry
to
ol
:O
pe
ra
to
rs
on
L2

(R
).

O
pe
ra
to
rs
on
L2

(R
):
Tr
an
sl
at
io
n,

Tr
an
sl
at
io
n:

(T
kf

)(
x)

:=
f(
x
−
k)
,
D
ila
tio
n:

(D
f)

(x
)

:=
21

/
2 f

(2
x)
.

O
bs
er
ve
th
at

ψ
j,k

(x
)

=
2j

/
2 ψ

(2
j x
−
k)

=
D
j T
kψ

(x
).

(D
TU

M
at
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m
at
ic
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D
C
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M
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M
ul
tir
es
ol
ut
io
n
an
al
ys
is
I

D
efi
ni
tio
n:
A
m
ul
tir
es
ol
ut
io
n
an
al
ys
is
fo
rL

2 (
R

)
co
ns
is
ts
of
a
se
qu
en
ce
of

cl
os
ed
su
bs
pa
ce
s
{V
j}
j∈

Z
of
L2

(R
)
an
d
a
fu
nc
tio
n
φ
∈
V 0
,s
uc
h
th
at
th
e

fo
llo
w
in
g
co
nd
iti
on
s
ho
ld
:

(i)
Th
e
sp
ac
es
V j
ar
e
ne
ste
d,
i.e
.,

··
·V
−
1
⊂
V 0
⊂
V 1
··
·
.

(ii
)
∪
V j

=
L2

(R
)
an
d
∩
V j

=
{0
}.

(ii
i)
Fo
ra
ll
j∈

Z
,
V j

+
1

=
D
V j
.

(iv
)
f
∈
V 0
⇒
T k
f
∈
V 0
,
∀
k
∈

Z
.

(v
)
{T
kφ
} k
∈

Z
is
an
or
th
on
or
m
al
ba
si
s
fo
rV

0.

(D
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M
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M
ul
tir
es
ol
ut
io
n
an
al
ys
is
II
-k
ey
in
gr
ed
ie
nt
s:

C
on
se
qu
en
ce
of
th
e
M
R
A
-s
et
up
:t
he
sp
ac
es
V j
an
d
th
e
fu
nc
tio
n
φ
ar
e
re
la
te
d

by

V j
=
sp
an
{D

j T
kφ
} k
∈

Z
.

Fo
ur
ie
r
tr
an
sf
or
m
at
io
n:

f̂(
γ
)

=
∫ ∞ −∞

f(
x)
e−
2π
ix

γ
dx
.

L
em
m
a:
A
ss
um
e
th
at
th
e
fu
nc
tio
n
φ
∈
L2

(R
)
ge
ne
ra
te
s
a
m
ul
tir
es
ol
ut
io
n

an
al
ys
is
.T
he
n
th
er
e
ex
is
ts
a
1-
pe
rio
di
c
fu
nc
tio
n
H
0
∈
L2

(0
,1

)
su
ch
th
at

φ̂
(2
γ
)

=
H
0(
γ
)φ̂

(γ
).

Th
is
is
th
e
sc
al
in
g
eq
ua
tio
n.

(D
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m
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M
ul
tir
es
ol
ut
io
n
an
al
ys
is
II
I-
th
e
w
av
el
et

T
he
or
em
:A
ss
um
e
th
at
φ
∈
L2

(R
)
ge
ne
ra
te
s
a
m
ul
tir
es
ol
ut
io
n
an
al
ys
is
,a
nd

le
tH

0
∈
L2

(0
,1

)
be
a
1-
pe
rio
di
c
fu
nc
tio
n
sa
tis
fy
in
g
th
e
sc
al
in
g
eq
ua
tio
n.

D
efi
ne
th
e
1-
pe
rio
di
c
fu
nc
tio
n
H
1
by

H
1(
γ
)

:=
H
0(
γ

+
1 2)e

−
2π
iγ
.

Th
en
,t
he
fu
nc
tio
n
ψ
de
fin
ed
vi
a

ψ̂
(2
γ
)

=
H
1(
γ
)φ̂

(γ
)

(1
)

is
a
w
av
el
et
.E
xp
lic
itl
y,
if

H
1(
γ
)

=
∑ k∈

Z

c k
e2

π
ik

γ
,

th
en

ψ
(x

)
=
2
∑ k∈

Z

c k
φ
(2
x

+
k)
.
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M
ul
tir
es
ol
ut
io
n
an
al
ys
is
IV
-t
he
co
ns
eq
ue
nc
es

If
ψ
is
a
w
av
el
et
,t
he
n
ea
ch
f
∈
L2

(R
)
ha
sa
re
pr
es
en
ta
tio
n

f
=

∑ j,k
∈

Z

c j,
kψ
j,k
,

w
he
re

c j,
k
=
〈f
,ψ
j,k
〉

=

∫ ∞ −
∞

f(
x)
2j

/
2 ψ

(2
j x
−
k)
dx
.
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M
ul
tir
es
ol
ut
io
n
an
al
ys
is
V
-t
he
ke
y
re
su
lt

A
lte
rn
at
iv
el
y,

{T
kφ
} k
∈

Z
∪
{ψ

j,k
} j
≥
1,
k∈

Z

fo
rm
sa
n
or
th
on
or
m
al
ba
si
s
fo
rL

2 (
R

).
Th
us
,f
or
an
y
f
∈
L2

(R
),

f
=

∑ k∈
Z

〈f
,T
kφ
〉T
kφ

+

∞ ∑ j=
1

∑ k∈
Z

〈f
,ψ
j,k
〉ψ
j,k
.
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M
ul
tir
es
ol
ut
io
n
an
al
ys
is
V
-t
he
ke
y
re
su
lt

A
lte
rn
at
iv
el
y,

{T
kφ
} k
∈

Z
∪
{ψ

j,k
} j
≥
1,
k∈

Z

fo
rm
sa
n
or
th
on
or
m
al
ba
si
s
fo
rL

2 (
R

).
Th
us
,f
or
an
y
f
∈
L2

(R
),

f
=

∑ k∈
Z

〈f
,T
kφ
〉T
kφ

+

∞ ∑ j=
1

∑ k∈
Z

〈f
,ψ
j,k
〉ψ
j,k
.

W
av
el
et
sa
re
lik
e
a
m
ic
ro
sc
op
e:
ke
ep
in
g
m
or
e
an
d
m
or
e
te
rm
so
ft
he
in
fin
ite

su
m

∑ ∞ j=
1
w
ill
gi
ve
a
m
or
e
an
d
m
or
e
de
ta
ile
d
re
pr
es
en
ta
tio
n
of
th
e
si
gn
al
.
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M
ul
tir
es
ol
ut
io
n
an
al
ys
is
V
-t
he
ke
y
re
su
lt

A
lte
rn
at
iv
el
y,

{T
kφ
} k
∈

Z
∪
{ψ

j,k
} j
≥
1,
k∈

Z

fo
rm
sa
n
or
th
on
or
m
al
ba
si
s
fo
rL

2 (
R

).
Th
us
,f
or
an
y
f
∈
L2

(R
),

f
=

∑ k∈
Z

〈f
,T
kφ
〉T
kφ

+

∞ ∑ j=
1

∑ k∈
Z

〈f
,ψ
j,k
〉ψ
j,k
.

W
av
el
et
sa
re
lik
e
a
m
ic
ro
sc
op
e:
ke
ep
in
g
m
or
e
an
d
m
or
e
te
rm
so
ft
he
in
fin
ite

su
m

∑ ∞ j=
1
w
ill
gi
ve
a
m
or
e
an
d
m
or
e
de
ta
ile
d
re
pr
es
en
ta
tio
n
of
th
e
si
gn
al
.
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W
av
el
et
an
al
ys
is
in
pr
ac
tic
e

Th
e
ex
ac
tr
ep
re
se
nt
at
io
n

f
=

∑ k∈
Z

〈f
,T
kφ
〉T
kφ

+

∞ ∑ j=
1

∑ k∈
Z

〈f
,ψ
j,k
〉ψ
j,k

=
∑ k∈

Z

〈f
,T
kφ
〉T
kφ

+
∞ ∑ j=
1

∑ k∈
Z

〈f
,ψ
j,k
〉2
j/
2 ψ

(2
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∞ k=
1
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en
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H
ilb
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ce
H
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a
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e
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rH

if
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e
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B
>
0
su
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A
||
f|
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f,
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〉|
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≤
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∀
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∀
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∈
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)L
et
N
∈
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g
∈
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)
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-v
al
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d

bo
un
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d
fu
nc
tio
n
fo
rw
hi
ch

•
su
pp
g
⊆

[0
,N

],
•

∑ n∈
Z
g(
x
−
n)

=
1.

Le
tb
∈

]0
,

1
2N
−
1
]
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d
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e
th
e
fu
nc
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n
h
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h(
x)

=
b∑

N
−
1

n=
−
N

+
1
g(
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+
n)
.
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∀
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∈
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r
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=
B N
:

•
Th
e
fu
nc
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ns
B N
an
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e
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e
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;

•
B N
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e
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ha
ve
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m
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ct
su
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i.e
.,
pe
rf
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im
e–
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liz
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n;

•
B
y
ch
oo
si
ng
N
su
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en
tly
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e,
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no
m
ia
ld
ec
ay
of
B̂ N
an
d
th
e
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y
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re
d
or
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an
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in
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.
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